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A MULTIPLICITY ESTIMATE FOR
PROJECTIONS OF SURFACES

DANA W. NANCE

Let 0 < a < 1 and let p,: R® > R’ be the orthogonal projection defined by
p,(x)=x — (x - v)v for v € S In this paper, we prove the following estimate
for a C>* embedded, orientable bordered surface M in R*:

[,y @t <af [IDVCOI + DN (o) dor s
+ [ [eloNGo)l+ 8lr(w) ] dott,

where n(v) = sup,cim,, {n(r; ¥)}, n(v, y) =X (M0 p;i(p)}, N: M - §?
is an orienting unit normal vectorfield for M, r: 9M — S? is a continuous unit
tangent vectorfield for 9M, »#° ! and #? denote Hausdorff measures
(o#°(A) = card A) and D and D? denote covariant differentiation. With some
notational inconvenience one can easily generalize our work to treat immersed,
nonorientable surfaces. The full strength of the C** hypothesis will be used
twice: in Lemma 5 to prove the condition

(A) #*{ve 5%y N(x)=0,|(v, DN(x))|= 0 for somex € M} = 0,

and in an argument at the end of Theorem 11. Elsewhere, C? will suffice.

We begin by describing the singularities that can occur under generic
projections of M and obtaining integral estimates on the curvature of the
projections of the singular sets.

Definition. Let S! = (x € M: v - N(x)=0, »- (v, DN(x)) # 0} and
SP={xeM: v-Nx)=v-{(v, DN(x)) =0, v-(» ®», D*N(x)) # 0,
[{v, DN(x))| #+ 0}. Alsolet C, = {x € M:» - N(x) = 0}.
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Lemma 1. If M is of class 2, then

fsz fsz #°{y €p,(S}): N e Nor(p,(S}),y)} d#'Nd#?»

NIm p,
= 277/ JL,N(x) do#2x.
M

Proof. If 7 is a unit tangent vector to S! at x, the condition » -
(v, DN(x)) # 0 implies that 7 A » # 0. If N € Im p, N Nor( p,(S}), p,(x)),
then N - » = 0and N - 7 = 0, hence N € Nor(S/, x). Thus

[/ {yep(s):Ne Nor(p,,(S,,) y)} do#NdH#
S? YIm p, ms2

=[] #°(x € S} N € Nor(M, x)} d#'Nd# .
s? v=0,|N|=1

By applying the area formula to the set
S={(»,N)eS*x S*»-N=0}

we interchange the order of integration, and the integral reduces to
277/ #°(x € M: N € Nor(M, x)} d#? = 277/ L,N(x) do#?x.
s? M

Definition. If M is negatively curved at x (i.e. det DN(x) < 0), then there
exist two linearly independent unit vectors e;, e, € Tan(M, x) (unique up to
sign and order) such that e, {¢;,, DN(x)) = 0 (i = 1,2). These are called
asymptotic vectors at x. If det DN(x) = 0 but || DN(x)|| # 0 (i.e. rank DN(x)
= 1), then there is a unique (up to sign) asymptotic vector » € Tan( M, x), and
we define e,(x) = e,(x) = ».

To apply the co-area formula with e, and e, as slicing functions, we need to
find De;(x) at points where this exists. If e is a unit tangent vector
perpendicular to e;, by differentiating the equation e, - {e;, DN(x)) = 0 in
the directions e; and e, we obtain

Kel, De(x)) - elll = %Iel -<e1 ® el,D2N(x)>‘/|<e1, DN(x)>|

and

l(ef , Del(x)> . eﬂ = %)ell '<e1 ® e, DzN(x)>}/|<el, DN(x))|.
Moreover,

N(x) -<e1, De,(x)) = —<e1, DN(x))-e;(x)=0
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and
N(x) ~<ef ,Del(x)> = —<e1, DN(x)> cef (x) = |<e1, DN(x)>

hence Jye,(x) = le, - (e, ® e;, D*N(x))|. If J,N(x")> ¢ for all x’ in a
neighborhood U of x, then, since [(e;, DN(x))| = (LN(x))"/?, e, is a
Lipschitzian function in U, with a Lipschitz constant less than or equal to
e V(T + K?), where T = sup||D2N(x")|| and K = sup||DN(x")|.

Lemma 2. If M is a manifold of class 3 which satisfies assumption (A), then

s

/Szafo{x € M:v-N(x)=v- (v, DN(x)) =0} do#»

< 2[M ID>N(x)|do#x.

Proof. Let M, = {x € M: J,N(x)> ¢}. If UC M, is a neighborhood on
which e, and e, are well defined, then

fszafo{x € U:v-N(x)=v- (v, DN(x)) =0} do#?»
= 2[ %(’el . <e1 ® el,DzN(x)>‘ +|e2 . <e2 ® ez,DzN(x)>,) d#*x
v
<2 |ID?N(x)|do#x.
v
Since the integrand in the second integral is independent of the way e,(x) and

e,(x) are assigned, the above formula is also true globally, with U replaced by
M.. By applying Lebesgue’s increasing convergence theorem, we obtain

f H{xe€Myv-N(x)=vr-(v,DN(x)) =0} do#?»
SZ
= f %({el . <e1 ® ey, DzN(x)>‘ 4—‘e2 . <e2 ® e,, DZN(x)>|) do¥*x
M,
< f “DzN(x)Hd%”ZX.
M
Since M\ M, = {x € M: J,N(x) = 0}, by assumption (A)

fsz.xﬂo{x € M\ M,:v-N(x)=»-{v,DN(x)) =0} do#?v = 0.

Adding the two integrals, we obtain the desired bound.
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Corollary 3. If M is a manifold of class 3 which satisfies assumption (A), then
for 3 *-almost all directions v, C, = S} U S2.
Proof.

c\(S}u s?)

={xeM:»-N(x)=»-(»,DN(x)) =0, (v, DN(x)) = 0}

U {x € My:v-N(x)=»-{»,DN(x)) =»- {» ® », D’N(x)) = 0}.
(Here, as before, M, = {x € M: J,N(x) # 0}.) The first set is empty for
almost all » by assumption (A). Since
{V: v N(x)=»-(»,DN(x)) =»- (»® »,D?N(x)) =0

for some x € M, }
= e, ({x € My: Je;(x) = 0}) Uey({x € My: Jhey(x) = 0}),
the co-area formula shows that the second set is also empty for almost all ».

A partial proof of assumption (A) can be given in the spirit of Lemma 2. For
this we introduce the well-known principal curvature vectors E,(x) and E,(x)
(the eigenvectors of the linear map DN(x)Tan(M, x)) and the principal
curvatures A, = E, - {E;, DN(x)) and A, = E, - {E,, DN(x)).

Lemma 4. If M is a manifold of class 3,

M, = {x € M: ,N(x) = 0, |DN(x)| = 0},
then#*{v € S M,N S? + @)} =0.

Proof. Let My, = {x & M: J,N(x)=0, |DN(x)|| > ¢}. For any point
x € M;, one of the principal vectors, say E,(x), satisfies E,(x) - {E;(x),

DN(x)) = 0, and hence coincides with the degenerate vectors e;(x) = e,(x).
Moreover
LE(x) =IE1 ’ <E2 ® E2>D2N(x)>“>‘1/(>‘1 - >‘2)|-
Hence M, C {x € M:J,E, = 0,||DN(x){| # 0}. Since E, is locally Lipschitzian
on M,,, it follows that
Hve S (M\My,)NS}+ B} =0,

from which the lemma follows immediately.

Lemma 5. Assumption (A) holds for any manifold of class (3, «) for any
a > 0.

Proof. To prove this it remains to show that #%*(» € S*: » - N(x) =0
for some x € P} =0, where P = {x € M: DN(x)=0}. According to a
strengthened version of the Morse-Sard theorem proved recently by Y. Yomdin

[7], there exists a constant C(M, «) such that the set N(P) can be covered by
at most C(M, a)e~?/>"* balls of radius ¢ for any ¢ > 0. (In Yomdin’s notation,
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C(M, a) = A5(2,2,2 + a)C(M), where C(M) is a constant depending on
[IN]|, , and on the number of balls of radius 1/2K needed to cover M, where
K =||N||; = sup{||DN(x)||: x € M}, as before.) Corresponding to each ball
B_c S? of tadius ¢ is a strip of width &, S, C S?, such that if N(x) € B,, then
Tan(M, x) N S? C S,. Hence {»: » € Tan(M, x), x € P} can be covered by
C(M, a)e~2/** strips of width ¢, and therefore

#*{ve S*veTan(M, x),xcP)
< C(M, a)e2?**(27e) < Ce®*/?*® forany e > 0.

Lemmas 1 and 2 are the two basic integral estimates used in proving the
multiplicity estimate. Next we consider the local behavior of the multiplicity
near fold points and cusp points.

Lemma 6. Let M be a manifold of class 2. Suppose x € S}, and let
y = p,(x). Then there exists a neighborhood U of x with the following property.
For any o such that o - v = 0, 0 - N(x) # 0, there exists ¢ > 0 such that

#°{(pU) " (y+1t0)} =1+signs,

whenever |t| < €. (Either the + sign or the — sign holds throughout the interval.)

Proof. Let e, =», e, form an orthonormal basis of Tan(M, x). In a
neighborhood U of x, M can be parametrized as the graph of a function f of
class 2:

U = {x+se + ey + f(s,1)N(x): |(s,1)] <},

where f(0) = 0, 3f/9s(0) = 0, 3//3:(0) = 0, 3%f/3s*(0) = e, - {e;, DN(x)),
3%f/3s31(0) = e; - (e,, DN(x)), 3%f(0)/3t> = e, - (e,, DN(x)). Since e, -
{ey, DN(x)) # 0 and the second derivatives of f are continuous, there exist
¢ >0 and 8 > 0 such that [92f/ds%(s, )| > & > 0 for all (s,?) such that
(s, ) <¢&. WeletU = U,.

If o = o, N + 0,¢, € Im p, and y’ = to, then

(pUY (y) = {x + se, + tey: f(s, t0,) = 10, }.

Since |3%f/9s%| > 0 in U(0, '), the equation f(s, to,) = te, can have at most
two roots s such that |(s, £)] < ¢. Suppose, without loss of generality, that
9%f/9s? > 0. By hypothesis, o, # 0; assume, for example, o, > 0. By the
implicit function theorem, there is, for each sufficiently small 7, a unique
minimum m(¢) of the function f(s, ro,), and m’(0) = 0. Thus there exists
¢’ > 0 such that:

(a)if —¢" < t < 0, then to; < m(¢), hence f(s, tg,) = to; has no roots;

(byif 0 < r < ¢”, then m(r) < to,, hence f(x, t0,) = to, has two roots;

(c) if r = 0, then m(¢) = 10y, hence f(s, t6,) = to; has one root.
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Lemma 7. If M is a manifold of class 3, x € S?, y = p,(x), there exists a
neighborhood U of x such that for any 6 € Im p, such that o - N(x) # 0, there
exists & > O such that [t| < & implies # °((p,|U) Wy + to)} = 1.

Proof. When we parametrize M as a graph, as in Lemma 6, we have
9%f(0)/3s* = 0 and 3°/(0)/3s® = e, - (e; ® e;, D>N(x)). (Note: this equality
does not always hold, but in this case is a consequence of the fact that
9%f(0)/3s% = 0.) Hence 9°f/ds® # 0; again, without loss of generality, sup-
pose it is greater than 0. Also, since |e, - (e;, DN(x))| = [{e;, DN(x))| # 0,
02f(0)/3s0¢ # 0. By continuity of the third derivatives, there exists ¢ > 0 such
that |(s, )| < ¢ implies that 9%f(s, t)/9s> # 0, 8%f(s, t)/0sdt + 0. Let U =
{se, + tey, + f(s, YN (s, 1) < &)}

By the mean-value theorem, the equation f(s, f6,) = to; can have at most
three roots in s such that se, + te, + f(s, t)N € U, because 3°f/ds> > 0 for
all s in that interval. Setting g,(s) = f(x, tg,), we see that the equation
g.(s) = to, has only one root under two circumstances:

(a) if g (s) has no critical points;

(b) if g, has two critical points s,(¢) and s,(#) such that g,(s;) < g,(s,) < to;
or to; < g,(s1) < g,(8,).

Now suppose o, # 0.

By the implicit function theorem, g’ has a unique minimum point s4(¢) for
small enough ¢, and s((¢) exists. Then

L st = [ L(sy(1),020)|(0)

I i
= 02[8s8t (0)] # 0.

Hence 5#%{s: g/(s) = 0} = 1 + sign ¢, as in Lemma 6. (Note that at this point
we have used all three hypotheses 9%f(0)/9s? =0, 93/(0)/ds*>#0 and
92f(0)/9s0t # 0.)

Suppose, for example, the + sign holds in the above equation. For ¢t < 0 the
lemma is proved by (a) above. For ¢ > 0 it is sufficient to show that |g,(s;)| <
lo,t] and |g,(s,)| < |oyf| for sufficiently small ¢, where s,(¢) and s,(¢) are as
defined in (b). Indeed, from the Taylor expansions of f(s, t) and df(s, ) /ds it
follows that s,(#), s,(¢) = O(t}/?) and f(s,(¢), t) = O(t*/?); hence |g,(s;)| =
o¥*) (i = 1,2).

The remaining case o, = 0 is easy: the fact that f(s,0) = fo, has only one
root follows from the mean-value theorem and the fact that 3°f/ds® = 0, and
does not even require the hypothesis 3%/(0) /ds3r # 0.

Remark. The theory of the stability of singularities provides another ap-
proach to analyzing the multiplicity behavior of p,. Indeed, if ¢ is any
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parametrization of a neighborhood of x, say with y,(0) = 9¢(0)/9x;, = e, and
¥,(0) = e,, then:

(a) if x is a fold point and v is of class 2, then ( p, ° ¥);;(0) # 0 and so there
exist one-to-one functions g;, g, (of class 1) such that p, oy = g;o Fo g, on a
small enough neighborhood of x, where F(x,, x,) = (x2, x,);

(b) if x is a cusp point and ¢ is of class 4, then (p,°{);;;,(0) # 0 and
(p,°¥)12(0) # 0, and there exist one-to-one functions g,, g, (of class 1) such
that p, o ¢ = g, G ° g, on a small enough neighborhood of x, where G(x,, x,)
= (x{ = x1x3, X,).

Statement (a) is not too hard to prove, though decidedly nontrivial. State-
ment (b) is very subtle, and evidence of this fact is that it was first proved by
Whitney under the assumption that i is of class > 12 [6].

A key reason for the simplicity of Lemmas 6 and 7 as opposed to this
approach is the fact that we only need to obtain such estimates “in one
direction at a time”, instead of having to obtain estimates that hold uniformly
in all directions. (For example, &' in Lemmas 6 and 7 depends on the direction
0.) Also, in Lemmas 6 and 7 we simply ignore the “trickiest” direction, ¢ = e,
(or —e,).

Lemma 8. Ifv € S? satisfies the following conditions:

MG =S us?,

2)H#°(SENIM) =0,

(3) Tan(3M, x) # Tan(C,, x) when x € C, N M,

(4 #°x € IM: v € Tan(dM, x)} = 0,

(5) all self-intersections of p,(C, U 0M ) are transverse,

(6) sup{ #°[(p,I0M) " ())): ¥ € Im p,} = 2,
and if n(v) < oo, then there exists y € Im p,\ p,(C, U OM) such that
H(p,IM) ()} = n(»). Hence {y: n(», y) = n(»r)} has nonempty interior.
If (1)—(5) hold and n(v) = oo, then { y: n(», y) > N} has nonempty interior for
any N > Q.

Proof. Clearly if n(») < co then there does exist y € Im p, such that
H(p, M) U(»)} = n(v). Let x,- - -, x,, be the preimages of y under (p,|M).
If x; &€ C,, let U, be a neighborhood of x; such that p,|U; is a diffeomorphism;
otherwise choose U, as in Lemma 6 (if x, € S!) or Lemma 7 (if x; € S?). (If
x; € M, U, is to be interpreted as a neighborhood diffeomorphic to an open
disk such that U, n M is a half-disk.) By Lemmas 6 and 7 and hypotheses
(2)-(4), to each x, is associated an open half-plane W, C Im p, such that for
any o € W, there exists g; > 0 such that whenever 0 < ¢ < ¢,

A (U (y + 10)} > e °{(p,IU) (3},
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where c = 1if x, € IM U S2, ¢ = 2 if x, € S} If x, € S, we may replace W,
with W, U (=W)).

Let r =3 p;N(y)N S} and s = #°[ p;(y) NOM] < 2. It is simple to
show (using hypothesis (5)) that there exists ¢ # 0 such that

Hx,ep(y)nS o W}>[r2]+1,
Hx, ep;(yynoM: o€ W} > 2(r/2 —[r/2])
and 0 € N, 2 W, U (-W,). Then for small enough ¢,

n(v) > #°{(pIM) " (y + t0))
>(n—r—s)+2([r/2] + 1) +2(r/2 =[r/2]) = n(»).

Since the line through y parallel to ¢ is transverse to p,(C, U dM), y + to &
p,(C, L 3M) for small enough ¢, which proves the first conclusion. Replacing y
by y + to and choosing new neighborhoods U; accordingly (which now all
project onto open neighborhoods of y + ¢¢), we easily show that the multiplic-
ity of p,IM is locally constant near such a point, establishing the second claim.
The final conclusion also follows by a trivial modification of the above
argument.

This provides us with sufficient local information on the multiplicity of
2,| M. It remains to demonstrate how to use a bound on the curvature of p,(C,)
and the number of cusp points to obtain a global bound on the multiplicity.

To begin with, we prove the analog of our theorem for 1-dimensional curves
in 2-space.

Theorem 9. If C C R? is a finite union of compact immersed curves of class 2
with disjoint boundaries and n(o) = sup{ #°[( p,|C) ™ (¥)): y € Im p,}, then

f n(o)d#ls < z/ IDN(x)||do#t x + 7#°(3C).
st c ,

Proof. If S} ={x€ C:0-N(x)=0,0"{s, DN(x)) # 0} and C, = {x
€ C: 0 - N(x)= 0}, then

fc [DN(x)do#t'x =

A

JN(x) dotlx = fsl H(N o)) do#'s

o

ljfo{x €C:0-N(x)=0}d#

1
2

%fsl #O(SY) +5#°(C,\ SY) do#'o.



A MULTIPLICITY ESTIMATE 337

If we define 7 to be a unit tangent vectorfield to C, we find that J;7(x) = 7 - {7,
DN(x)), hence by the co-area formula and setting A = {x € C: Ji7(x) = 0},

[ #°(c,\ 1) d#'s =f Jyr(x) do#lx = 0.
st ' A

Hence for almost all directions o, C, = S!. In such a direction o, the multiplic-
ity function (e, y) is easy to describe: it is locally constant on Im p_\ p,(C,),
and has a discontinuity of magnitude at most 2n if #°[( p,|C) ' (y) N S} = n.
Since the multiplicity is 0 for large values of y, we conclude that (for almost all
o € SYHn(o) < H#°C,) =#°S)), proving the theorem in the case where C
has no boundary. More generally, if C has m boundary points and ¢ is not
tangent to C at any boundary points (again, this condition holds for almost all
o), then each boundary point x; introduces a discontinuity of magnitude 1 in
the multiplicity function n(s, y) at y, = p,(x,). Thus n(o) < #°(C,) + m/2,
and we obtain the desired result by integration.

Not only is this theorem of great interest in itself, but it also comes in handy
in proving the next lemma.

Lemma 10. If M C R® is a manifold of class 3 and v is a direction such that:

(1) C, =5} U S?,

) [,y hiN(») d#ly < oo,

3) [, ean 1N () d#’y < oo,

(4)H(S}) < oo,

(5) #%C, N IM) < o,
and conditions (2)—(6) of Lemma 8 hold, then

2an(v) € 2f “ JINdH#* + 277.}{”0(SV2)
PG,

+37#°(C, N OM) + 2f JNd#.
p,(8M)
(In the above equations N refers either to N, 5y 0r N, (¢ depending on
whether the integral is taken over p,(dM ) or p,(C,). These should not be confused
with N,,, the normal map to the surface M.)

Proof. The idea is quite simple: apply Theorem 9 to the curve p,(C,),
treating the points of p,(S?) and p,(C, N M) as boundary points. One
complication arises, though: p (C,) is not a class two manifold in general.
Indeed, if ¢ is a parametrization of C, in a neighborhood of a cusp point x
such that 0 < |Dé(¢)| < oo for all ¢, then

ID(p,°¢)(0)]=[¢(0), p,) | =9'(0)] [{¥, p,)| = 0.
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However, using the fact that ¢ is of class 2, we can show that the parametriza-
tion p, o ¢(¢t'/?) parametrizes p,(C,) as a class 1 manifold-with-boundary:
indeed, it is readily verified that

Lo ()0 = 1 5,0 6(]©) % 0

if ¢(0) is a cusp point.

Next we observe that the proof of Theorem 9 really required C to be only of
class one at the boundary points (so that, using the implicit function theorem,
we could assert that the multiplicity of ( p,|U) () is 0 on one side of p,(x)
and 1 on the other side for some neighborhood U of x). Thus, if we assume
that M is of class two at the boundary, that C, = S} U S? that §> N M = &
and that Tan(dM, x) #* Tan(C,, x) at all points x € C, N IM, then p (C,) U
p,(0M) satisfies the (weakened) hypotheses of Theorem 9, with each point of
p,(S?) counted as a boundary point of two different arcs and each point of
p,(S} N dM) as a boundary point of three. (If y is the image of more than one
point of (S§! N M) U S?, we count the multiplicity.)

Hence there exists ¢ € Im p, such that for any z € Im( p, ° p,),

27#°( (2ol p.(C))(2)] < 2f  gNd# +2f  Nd#?
PAGC) p,(3M)

+27#°(S2) + 37#°(C, N IM) = k.

To put it another way, any line L parallel to o intersects p,(C,) U p,(dM) in
at most k points. Moreover, o can be chosen so that for all but a measure zero
set of lines { L, ;}, L, intersects p,(dM) and p,(C,) transversely at all points of
intersection and L, N p,(S?)= &, L, N p,(C, N M) = &.Oneachsuch L,
by Lemma 6 and a counting argument,

sup{n(r,y):ye L} <#°{L,Np(C)} +3#°{L,Nnp (M)} <k.

Thus n(», y) < k on a dense subset of the plane, and by Lemma 8 we conclude
that n(») < k. This proves the lemma.

Theorem 11 (Multiplicity Estimate for 2-Manifolds in R®). If M Cc R’ is a
manifold-with-boundary of class (3, «) and dimension 2, and if n(v) =
sup{ #°[(p,|M) " (»)]: y € Im p,), then

[ n()yd#<2f DN dot? + 2f DN
S§2 M M

+6 / |DN||do#" + 8 / | Dr||do#?,
oM oM
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where N: M — S? is the Gauss map and v: OM — S? is a unit tangent vector
field to M.
Proof. We have already seen that

o

INdA 4 < 2n [ IDN(x)[ do#?x (Lemma1),
2(G) M

f&i”o(Sf) d&i”zvsf |[D*N(x)||do#*x (Lemma 2).
5% M

To prove the theorem, we need integral estimates on the two boundary terms
H#°(C, N dM) and Jo.comy TN, anny) d>#', and we need to prove that condi-
tions (2)—(6) of Lemma 8 hold for s %almost all ». (Condition 1 is just
assumption (A), and conditions (2)-(5) of Lemma 10 are guaranteed by the
integral estimates we will obtain.)

Define B = {(x, ) € 0M X S?such thatv - N(x) = 0}, and let Q(x, ») = »,
P(x,v)= x for any (x, ») € B. By computing a basis for Tan(B, (x, »)), one
easily computes the Jacobians J,Q and J, P, and obtains

/zjfo{x € IM: v - N(x) = 0} dot? =/ LO(x,v) d#*(x, )
S B
=f f LO(x, v) /I P(x, v) d# v d#x
M Yv-N(x)=0
= v - (1, DN\ |d#1y d#'x
M Yy N(x)=0
= 4[ |{7, DNy, )|d#*x (since fzwlcos 6|d6 = 4)
oM 0

<4f |DNd#x,
oM

which gives us the desired estimate on # °(0M N C,).
By a similar computation,

S ] e A Niom (1)) d v doty = 3 [ [10r(x)]ldo# ™.

In this calculation, we are justified in assuming Ji(N, 5,r)) is defined for all
y € p,(3M) and s %almost all » because the only singular points of p,(3M)
are points x where » € Tan(dM, x). By the co-area formula, #'{» € S%
v € Tan(dM, x) for some x € IM } < oo, hence the #* measure of that set is
0.

Next we verify that #°(S?> N dM) =0 for almost all ». By definition,
S2 N OM c dM, = dM N {x: det DN(x) # 0}, and the functions e;(x) and
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e,(x) are defined locally on dM. By hypothesis, M is of class 3 at the
boundary, so ¢, and e, are locally Lipschitzian and e,(9M,) and e,(3M,) are
countably s#!-rectifiable; hence 5 %(e;(0M) U e,(dM)) = 0. This is equiva-
lent to the desired assertion.

Next we verify condition (3) of Lemma 8. If 7(x) is, as before, a unit tangent
vectorfield to M, another way of saying Tan(dM, x) = Tan(C,, x)is» - {7(x),
DN(x)) = 0 or J,Q(x, v) = 0, where Q: B — S?is as defined before; hence

j;z,}fo{x €M:v-N(x)=0,v-(r(x), DN(x)) =0} do#?» = 0,

as desired.

It is trivial that condition (4) of Lemma 8 holds for # 2-almost all ».

Finally, we wish to show that conditions (5) and (6) of Lemma 8 hold for
S 2-almost all v. We define the functions »,: 9M X IM — §2 v,: 3M X M —
S?and v;: M X M — S? by the identical formulas »,(x, y) = (x — y)/|x — y|.
It is then easy to check that (assuming x # y)

(1) Jrp; = 0 © det[x — y, 7(x), 7(y)] = 0 © self-intersection of p, (IM) at
P, (x) = p, (¥) is not transverse;

(2) Sv, =0 ey e, and det[x — y, 7(x), (¥, DN(y))] = 0 « the inter-
section of p, (M) and p, (C, ) atp, (x) = p, () is not transverse;

(3) J,y;=0ex,p&€C, and N(x)= N(y)e the self-intersection of
p.(C,))atp, (x) = p,(y) is not transverse.

Thus the set of » € S? for which condition (5) fails is Uy, {(x, y): Lv,(x, y)
= 0}), and has measure 0 by the Morse-Sard theorem. (Note that C** is
precisely the degree of smoothness needed to achieve this result for the map
vs;.)

To verify condition (6), let [I = {(x, y, z2) € OM X M X IM: x # y, y # z,
x#*z, (x —y)A(x—2z)=0}. Let »,: IT > S? be given (once again!) by
vo(x, y,z) = (x — y)/|x — y|. Il is readily seen to be a 1-manifold except at
points (x, y, z) for which det[x — y, 7(x), 7(y)] = 0. Hence, in view of the
equivalence (1) above, 5 2[»,(I1)] = 0.

Thus all the hypotheses of Lemma 10 are satisfied for »# 2-almost all », and
by integrating the estimate of Lemma 10 over S? we obtain

fsz n(v) d#v < z[M IDN ()| dot2x + z/M |D2N(x)|do# 2
+6[ IDN(x)ldst™s +8 [ [[Dr(x)}dotx.

Theorem 11 enables us to prove a generalization of a 1-dimensional integral
geometric result given in [5].



A MULTIPLICITY ESTIMATE 341

Proposition 12. If M c B(O,R), M = & and [, |DN|*ds#* < K,
fu |IDAN||d3#? < K,, then#*(M) < (K, + K,)R?.

Proof. Let #denote the set of oriented lines in R, and let u denote the
invariant measure of . under Euclidean motions. Then

HM) = (277)‘1[39?0(1 N M)dp

=(277)_1/2/ HO(IN M) d# dH# 2y
S ||y

= (2w)"1fsz (7R*)n(v) d#* < (K, + K,)R2.

Remark. The corresponding 1-dimensional result is that 3#(C) < KR for
a closed curve of total absolute curvature K contained in a ball of radius R. L.
Fary claimed to prove the result of Proposition 12 without the bound X, [2].
His proof, however, is erroneous, in that he makes use of the 1-dimensional
result without taking into account the possible existence of cusp points. This,
of course, is precisely what forced us to introduce the third-derivative integral
in the first place. While we do not have an example showing that X, must be
present in Proposition 12, it seems unlikely that the assertion can be proved in
general without it. '

Conclusion. The preceding Theorem 11 shows that, if M is a sufficiently
smooth compact manifold-with-boundary, then for 5#?-almost all directions
v € S? it can be viewed as the graph of a multiple-valued function over the
plane Im p,. In particular, it is the graph of a Q(»)-valued function f,, where

/52 Q(v)d#? < C(/M ”DN”Zd.}fZ +/M”D2N”d9f2

+ [ |pNjd#t + [ ||DT||d9f1).
aM M

_ Such multiple-valued functions have been defined and studied extensively by
F. Almgren (see [1]), in whose work they have already proved to be a very
versatile analytic tool for the study of variational problems.

In the second part of the author’s Ph.D. thesis [4], the question of whether
one can obtain a global estimate on the modulus of continuity of the functions
f, was studied. Under more restrictive assumptions on the manifold M, this
turned out to be possible:

Theorem. If M C R® is a nonpositively-curved surface of class 4 such that
det DN(x) # O for all x € dM, then the function

C(v) = sup{[£.(x) = [N/ lx = x, y € Im p, )
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is # 2-measurable and
[ lc@) [ a# < o fora<3/238.
s

(The norm in the expression |f,(x) — f,(»)| is essentially the flat norm on
integral currents.) This result requires a more careful analysis of the singular
set of the projection p, than the present paper;, a proof will be published
elsewhere.

The role of the multiplicity estimate for 1-dimensional manifolds (Theorem
9) in proving the multiplicity estimate for 2-dimensional manifolds suggests the
possibility of an inductive argument to prove a similar estimate for higher-
dimensional manifolds. I am presently investigating that question.
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